Introduction.
Suppose that P stands for a (closed) polygonal region in the (x, y) -plane, and that we consider the portion (1.1) S(f,P): z=f(x,y) [(x,y)EP]
of the surface z=f(x, y), where (1.2) f(x, y) is everywhere a continuous and one-valued function of (x, y). Now let {S(fn, P)} be a sequence of polyhedra inscribed to S(f, P) such that (1.3) fn(x, y) is a linear function of x and y on every triangle in some triangulation(l) T3n(P) of P, and fn(x, y) -f(x, y) at every vertex of cBn(P) ; (1.4) the greatest diameter of any triangle of 15n(P) tends to 0 as n-><x>.
Denoting by E(fn, P) the area of S(fn, P) (in the elementary sense), we define (1.5) A*(f,P) = iniliminlE(f",P) (»-►«>),
the infimum being for all sequences {fn(x, y) J satisfying (1.3) and (1.4); and we denote by A(f, P) the Lebesgue area of S(f, P). The following theorem, settling Geöcze's problem(2) for non-parametric surfaces, has recently been established (3) : the object of the present paper is to give a new and comparatively short proof of it by following up an approach devised by Radó (cf. [8, V. 3.50-53, pp. 545-549]) in earlier work on this problem. The reader interested in the historical development of some of the ideas involved in this approach may read the papers by L. C. Young [il] , H. D. Huskey [2] , and T. Radó [7] listed at the end.
Presented to the Society, October 29, 1949; received by the editors September 20, 1949. (') By a triangulation of P we shall understand a subdivision of P into a finite number of nonoverlapping triangles such that no vertex of a triangle is an internal point of a side of another. of A*(f, P) differs slightly from that above, since (1.4) is more stringent than his requirement of uniform convergence on P oifn(x, y) tof(x, y): however, it may easily be verified that this difference does not disturb the appeals to his results on A*(f, P) made below (at (1.7), (1.9), and the end of §5). Figures in square brackets refer to the references at the end of the paper. (3) For the theorem below I have given a proof in a forthcoming paper [5]: a somewhat less sharp result, not requiring the inscribed polyhedra to be of the form z=fa(x, y), was obtained independently by A. Mambriani [3] , whose main result covers a wider class of surfaces. In both papers the proofs are independent of previous work on Geöcze ' The modifications required for the remaining cases are obvious and so need not be stated here.
An upper bound for I*(R, f, q) -A(f, R) in terms of a Tonelli integral.
Lemma 2. Letf(x, y) satisfy (1.2) and (1.7), R be a closed rectangle in the (x, y)-plane oriented relative to the axes of x and y, 0£, Or¡ be any axes of rectangular coordinates in this plane, and mv be the slope of Or) relative to the x-axis. Let V%(R, v, f) denote the total variation of f(x, y) on R for fixed r¡ and varying £ (or 0 if r) does not occur on R), and let
Then, taking q = m" when 0 < | mv\ < oo, and q = X otherwise, we have (cf.
Firstly, let |«z,| = oo, and, for definiteness, suppose £=x, r\ -y. Putting This implies (2.2) in the case where mv is infinite; the case w, = 0 is treated similarly, with x and y interchanged. Lastly, suppose 0<|m,| < » and so h/k = q = mv. For brevity, we shall put a = h2/(h2 + k2)112, ß = k2/(h2 + k2)112, 7 = (a ß)112; then for the points whose old coordinates are (x, y), (x + h, y), (x, y+k), and (x + hk2/(h2+k2), y+h2k/(h2+k2)) we find easily the new coordinates (£, r¡), (i-+oc, V+y), (e~ß, V+l), and (¿, r¡+y) respectively. We write</>(£, r¡), and so on, for/(.r, y), and so on, and make the following abbreviations : Hence, recalling the definition of I*(R,f, q) in Lemma 1, we have as a->0 with ß=a/q2 and y = (aß)112. But, in virtue of (2.7) the last integral in (2.8) has essentially the same form(6) as the first in (2.5), and the other two integrals in (2.8) can be reduced to essentially the same form(6) as the first in (2.4) by change of origin to £ = 0, 77= -7. The deduction of the required inequality (2.2) can thus be completed in the same way as that of (2.6) above. Similarly if we work with auxiliary coordinate axes 0%, Or), we have Similarly for P2; and so, since E(f", R) =£(/", Ri)+E(fn, R2), we have
On taking upper limits as w->oo we obtain from this, using (4.2), for, using (4.3) and (4.5), we see that (as n-*») co(r")-»0 because/(x, y) is continuous on P, and so <r"->0; moreover, Ly(R, x',f) is finite by hypothesis.
But the desired inequality (4.1) follows from (4.8) and (1.5). 
